How to compare diffusion processes assessed by single-particle tracking and pulsed field gradient nuclear magnetic resonance J. Chem. Phys. 135, 144118 (2011) Field-induced alignment of the nematic director: Studies of nuclear magnetic resonance spectral oscillations in the limit of fast director rotation J. Chem. Phys. 135, 044501 (2011) Self-diffusion of poly(propylene glycol) in nanoporous glasses studied by pulsed field gradient NMR: A study of molecular dynamics and surface interactions J. Chem. Phys. 133, 094903 (2010) Trading sensitivity for information: Carr-Purcell-Meiboom-Gill acquisition in solid-state NMR J. Chem. Phys. 133, 054501 (2010) Features of polymer chain dynamics as revealed by intermolecular nuclear magnetic dipole-dipole interaction: Model calculations and field-cycling NMR relaxometry J. Chem. Phys. 132, 094903 (2010) Additional information on J. Chem. Phys. Although the theories and potential applications of intermolecular multiple-quantum coherences ͑iMQCs͒ have been under active investigations for over a decade, discussion of iMQC NMR signal formation was mainly confined in the time domain. In this paper, a full line-shape theory was developed to describe iMQC signals in the frequency domain. Relevant features of the line shape, such as peak height, linewidth, and phase, were investigated in detail. Predictions based on the theory agree well with experimental and simulated results. Since radiation-damping effects always couple with iMQCs in highly polarized liquid-state NMR systems, and strongly radiation-damped signals have many spectral characteristics similar to those of iMQCs, a detailed comparison was also made between them from different spectral aspects. With detailed comparison of peak height, linewidth, and phase, this work demonstrates that the iMQC and radiation-damping phenomena result from two completely different physical mechanisms despite that both present similar signal features and coexist in highly polarized liquid-state NMR systems.
I. INTRODUCTION
Since the correlation spectroscopy ͑COSY͒ revamped by asymmetric z-gradients echo detection ͑CRAZED͒ sequence was proposed, theories and applications of intermolecular multiple-quantum coherences ͑iMQCs͒ have attracted a great interest in the past decade. [1] [2] [3] [4] Similarly, multiple spin echoes ͑MSEs͒ can be observed in highly polarized systems, e.g., solid He, 5 liquid He, 6 and water. 7 Although iMQCs and MSEs differ significantly in their forms, it has been shown that both effects result from residual long-range intermolecular dipolar interactions. Either the quantum-mechanical density matrix [8] [9] [10] [11] or classic dipolar field treatments 12, 13 can interpret the physical characteristics of iMQC and MSE effects. A series of applications have been tested in magnetic resonance imaging ͑MRI͒, 3, [14] [15] [16] [17] structural measurements, 18, 19 and high-resolution spectra in inhomogeneous fields. 2, [20] [21] [22] Both iMQCs and radiation damping cause previously unexpected effects in spin echo and generate harmonic peaks in two-dimensional NMR experiments. 1, 23, 24 Radiationdamping effects always couple with iMQCs in highly polarized liquid-state NMR systems, 25, 26 and the envelopes of iMQC time-domain signals are quite similar to those of the radiation-damped ones. 8, 27, 28 Despite the fact that iMQC and radiation-damping effects result in similar signal characteristics and they coexist in samples with large magnetizations ͑such as proteins in water or even pure water͒ at high magnetic fields, their physical mechanisms are totally different.
To the best of our knowledge, most iMQC studies are confined to the time domain and the iMQC line shape in the frequency domain has not been investigated yet. Therefore, a mathematical derivation of iMQC line-shape functions was performed in this paper. Explicit expressions of iMQC line shape were developed in Sec. II. The results show that the iMQC signals in the frequency domain no longer yield pure Lorentzian or Gaussian line shape, but a line shape consisting of several basic functions, modulated by an oscillating cosine function. In spite of the similar spectral characteristics for iMQCs and radiation damping, our results indicate that their line-shape expressions in the frequency domain and the corresponding cosine functions which lead to line-shape distortion are grossly different. The relevant features of the spectral line shape were investigated in detail under the approximation of weak dipolar field effects. The peak height of nth coherence order is found to be dependent on the flip angle of the second radio-frequency ͑rf͒ pulse ␤ in the CRAZED sequence and M 0 to the power n. The linewidths of iMQC spectra of different coherence orders are found to be independent of the flip angle ␤, completely different from that of the radiation-damping effect. The phase distortions of a͒ Authors to whom correspondence should be addressed. iMQC signals were explored mathematically and the derived line-shape expressions were verified by the comparison between the theoretical predictions, numerical simulations, and experimental observations in Sec. III. In Sec. IV, by tuning the probe to different extent, we introduced the radiationdamping effect of different strength and investigated how it influences the iMQC spectra. In experiments related to iMQCs, one can judge whether radiation damping is also active in an iMQC measurement by observing the negativeamplitude regions of the experimental spectra.
II. THEORETICAL FORMALISM

A. Time-domain signal
The original CRAZED sequence 4 shown in Fig. 1 is employed to excite the iMQC signals. Two field gradients with relative area of 1 : n are used to select the n-quantum coherence signals; G and ␦ are the magnitude and duration of the gradients, respectively; ␥ is the gyromagnetic ratio; and and t are the time intervals of the evolution and detection periods, respectively. The dipolar field B d makes the BlochTorrey equations nonlinear. 12, 13 However, when a strong linear field gradient is applied only along a single direction z and the magnetization is spatially modulated on a length scale small compared to the structural sizes of the sample, the dipolar field at each point becomes a local function of the magnetization at the same point and thus simplify the spin dynamics. 7, 29, 30 Our discussions presented herein is confined to the approximation of weak dipolar field effects, as defined by ␥ 0 M 0 t Ӷ 1, 7, 29 to which most CRAZED experiments performed to date satisfy ͑in the above 0 is the magnetic permeability constant, and M 0 is the equilibrium magnetization per unit volume of the sample͒. When the transverse relaxation in the detection period is taken into account, the signals in the laboratory frame by solving the modified Bloch-Torrey equations including the dipolar field are given by 9 Unlike the envelopes of conventional free induction decays ͑FIDs͒ which satisfy a single-exponent decay, the envelopes of iMQC FIDs grow up from zero at t = 0 before reaching their maximum amplitudes and then slowly decay to zero, as shown in Figs. 2͑a͒-2͑d͒. Moreover, no matter how large the flip angle ␤ of the second rf pulse is, the amplitude of FIDs at t = 0 is always equal to zero. This characteristic is grossly different from that of radiationdamped FIDs. 27, 28 When radiation damping becomes the dominant mechanism for the magnetization to return to the equilibrium state, the envelope of the radiation-damped FID is a truncated hyperbolical secant function ͓see Figs. 2͑e͒-2͑h͔͒. 
B. Fourier transformations of time-domain signal
As a special function in mathematics, the Bessel function J n ͑͒ of integer order n has the following properties:
where ⌫͑j͒ is the gamma function defined by ⌫͑j͒ = ͑j −1͒! for integer j. 31 With the simplified processes using the expansion treatment of the Bessel function, the complex Fourier transform ͑FT͒ on FIDs can be obtained ͑see Appendix 1 in the supplementary material for details 32 ͒,
In practice, one is interested in an absorption mode spectrum that may be obtained by taking the real or the imaginary part of the complex spectrum in Eqs. ͑5͒ and ͑6͒, depending upon the value of n. 32 Our results show that an iMQC spectrum is a superposition of a series of lines which are non-Lorentzian or Gaussian ͓see Eqs. ͑a11͒-͑a14͒ in the supplementary material for details 32 ͔. Clearly, the line shapes are distorted by a cosine term as shown in Fig. 3͑a͒ ͓the corresponding cosine terms can be found in Eqs. ͑a11͒ and ͑a12͒ of the supplementary material 32 ͔. The iMQC spectra are very similar to the radiation-damped ones, which are twisted by cosine functions ͓Fig. 3͑b͔͒. 27, 28 To further verify the inerrancy of Fourier transform, the integral of its Fourier transform was performed ͑see Appendix 2 in the supplementary material for details 32 ͒ and was found to be equal to the first point ͑t =0͒ of iMQC FIDs, which is always zero. Therefore, the results manifest that the area of the positive-amplitude region in an iMQC peak ͓right-twilled region in Fig. 3͑a͔͒ must be equal to the area of the negative-amplitude region ͓left-twilled region in Fig.  3͑a͔͒ since the full integral of an iMQC peak is zero. However, for a radiation-damped peak, the area of the positiveamplitude region ͓right-twilled region in Fig. 3͑b͔͒ is always greater than the area of the negative-amplitude region ͓left-twilled region in Fig. 3͑b͔͒ unless the flip angle is . When the flip angle is close to , the first point of a radiationdamped FID is furthest away from the maximum amplitude of the FID envelope and the spectrum continuously oscillates.
C. Peak height
Since the approximation of weak dipolar field effects
systems, one may only retain the j = 0 terms in the Bessel Taylor expansions of Eqs. ͑3͒ and ͑4͒. 9,31 Therefore, under the approximation of weak dipolar field effects, the peak height of an absorption mode spectrum related to n-quantum coherence can be further expressed as
For an absorption mode spectrum related to n-quantum coherence, the peak height is dependent on the flip angle ␤ and nth power of the magnetization M 0 . We have In iDQC spectra the peak height, but not the linewidth and phase, varies with ␤, while in radiation-damped spectra they all vary with ␤.
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Equations ͑9͒ and ͑10͒ with functional dependence on the flip angle ␤ provide a guide for optimizing iMQC signals, which have been previously confirmed with experiments and calculations based on product operator treatment. 10 The profile of the peak height versus the flip angle is remarkably different from conventional sinusoidal form. The experimental results in Fig. 4͑a͒ show that the optimal flip angle for intermolecular double-quantum coherences ͑iDQCs͒ is 2 / 3, which has been widely applied in many relevant NMR and MRI experiments. 15, 33 Considering a special case of n = 0 and 2 with the corresponding optimal angles ͑␤ =2 /3 for n = 2, and ␤ = / 4 for n =0͒ in Eqs. ͑9͒ and ͑10͒, peak heights are proportional to 3 ͱ 3M 0 2 / 16 and M 0 2 / 4, respectively. Peak intensities of iDQCs are about 1.3 times than that of intermolecular zero-quantum coherences ͑iZQCs͒, which agree well with our previous conclusions using the product operator derivation. 10, 15 For experiments performed with a single-pulse sequence and a well-tuned probe, a sawtoothed profile for the line shape as a function of the flip angle is observed ͓Fig. 4͑b͔͒. This is the typical feature of radiation-damped signals in the frequency domain, as has been reported by Mao and Ye.
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D. Linewidth
With the help of the symbolic programming language MATHEMATICA 4.2, 34 theoretical linewidths ͑Table I͒ were obtained by calculating the frequency shift at half-peak height under the first-order approximation of the Bessel Taylor expansion. The results suggest that the linewidth of iDQC signals is about 50% narrower than that of conventional single-quantum coherence ͑SQC͒ signals. The coefficients of the expressions in Table I are approximately inversely proportional to the coherence orders. For an absorption mode spectrum related to n-quantum coherence, the linewidth can be expressed under the approximation of weak dipolar field effects as follows:
Equations ͑11͒ and ͑12͒ show that the linewidth is independent of the flip angle ␤, which is confirmed by the results in Fig. 4͑a͒ as well. The linewidth of iMQC spectra becomes narrower with the increase of coherence orders. All these characteristics can be utilized to determine whether the detected signals are entirely originated from pure iMQCs. The linewidths obtained from the CRAZED experiments with several different gradient strengths are listed in Table II , in which the linewidth ratios between any coherence orders are shown to be in well accord with Eqs. ͑11͒ and ͑12͒. On the other hand, the linewidth of strongly radiation-damped signals depends on the flip angle ͓Fig. 4͑b͔͒. 27, 28 Only when the flip angle is infinitely small, the line shape of strongly radiation-damped signal is Lorentzian with a linewidth described by ͑T r ͒ −1 , where T r is the radiation-damping time. 24, 27 Otherwise the lines are narrower than ͑T r ͒ −1 . The bigger the flip angle, the smaller the linewidth ͓Fig. 4͑b͔͒. 27 When the flip angle approaches to , the line shape turns to infinitely oscillating ͓Fig. 5͑b͔͒.
E. Phase
The phases of iMQC spectra are distorted due to the cosine terms ͓see Eqs. ͑a11͒ and ͑a12͒ in the supplementary material for details 32 ͔. The cosine function is constantly oscillating with a varied frequency. With the increase of coherence order, phase distortion by the cosine factor becomes more serious. The phase distortion of strong radiationdamped signal is also due to the cosine function existing in its line-shape expression. 27 However, it is a function oscillating at a fixed frequency. The phase distortion arises from the rising part of the FID envelope. If the FID simply decays, the phase distortion would never be observed. 28 In a single-pulse experiment with strong radiation damping, phase is distorted only when the flip angle is greater than / 2. When the flip angle is close to , the phase distortion becomes significant, consistent with the experimental observation ͓Fig. 5͑b͔͒. 27 Note that the phase distortion does not always appear if radiation-damping is not strong enough to become the dominant mechanism for the magnetization to recover to the equilibrium state ͑for example, when the radiation-damping time is greater than or equal to the longitudinal relaxation time, the phase distortion becomes obscure͒. This is quite different from iMQCs where the phase distortion always exists. The term i −n−1 in Eqs. ͑5͒ and ͑6͒ indicates that there is a /2 phase difference ͓Fig. 5͑a͔͒ for the adjacent coherence order ͓i.e., ͑n +1͒-and n-quantum coherences͔. This feature may help for designing phase cycling scheme to select iMQC signals of the desired coherence order. Moreover, for a given order n, there is a -phase difference between signals purely arising from the adjacent multispin terms in the equilibrium density matrix and properly designed experiments can detect these multispin signals. 
III. NUMERICAL SIMULATIONS AND EXPERIMENTAL CONSIDERATIONS
In order to further verify the validity of our line-shape theory, the characteristics of the resonance line shape predicted by the analytical calculations were compared with numerical simulations and experimental observations, respectively. For comparison, the amplitudes of all spectra were normalized. Here the modified Bloch equation with a nonlinear dipolar field term was used in numerical simulations. The transversal and longitudinal relaxations were taken into account, but the diffusion and radiation damping were omitted to make the calculations more tractable. The simulation codes were developed in Cϩϩ language. 36 The parameters used in the simulation were as follows: evolution time of 3.3 ms to minimize the longitudinal relaxation effects during the evolution period; the transverse relaxation of 0.1 s; d was assumed to be 77 ms; and the amplitude and duration of the iMQC-selection gradient were 0.05 T / m and 3 ms, respectively. The near perfect agreements between the spectra from the numerical calculation and analytical solution, as shown in Fig. 6 , demonstrate that the line-shape expressions presented herein are applicable. In addition, the simulated linewidths accord with Eqs. ͑11͒ and ͑12͒.
Experiments were implemented on a Varian Unity + 500 spectrometer equipped with self-shielded z-gradient coils and 5-mm HCN triple-resonance rf coil. The probe provides a linear gradient field up to 0.3 T / m in the z direction and all 1 H NMR spectra were recorded at 298 K. A typical set of experimental parameters were as follows: a relaxation delay ͑RD͒ of 30 s to allow the spin system to completely return to the equilibrium state and prevent any possible stimulated echoes; an evolution time of 3 ms to minimize signal at- Comparisons of the spectra from theoretical prediction ͑solid lines͒ and experiments ͑dot lines͒. The sample is the same as that in Fig. 2 . The selected coherence orders are ͑a͒ n =1, ͑b͒ n =2, ͑c͒ n =0, and ͑d͒ n =5, respectively. The linewidth values which were used for the numerical calculation are listed in Table II .
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Line shapes of NMR coherence spectra J. Chem. Phys. 123, 074317 ͑2005͒ tenuation due to diffusion, transverse relaxation, and other effects; and a gradient with a duration ␦ = 3 ms. Radiationdamping effects were effectively suppressed during the evolution period when the transverse magnetization M xy was rapidly dephased by the field gradient immediately following the first rf pulse, and minimized during the detection period by detuning the rf coil, with the duration of the / 2 rf pulse extended to 140 s. A sample with 50% D 2 O / 50% and H 2 O was used. The SQC longitudinal relaxation time is about 4.50 s and transverse relaxation time is 1.46 s. The molecular diffusion rate of SQC is 1.59ϫ 10 −9 m 2 s −1 . A good shimming environment was necessary in order to get a good line shape. Due to the influence of the magnetic inhomogeneities and other uncertain factors, we used the experimental linewidths ͑Table II͒ instead of the parameter to fit the lineshape curves. As shown in Fig. 7 , the measured spectra and the spectra calculated numerically with experimental input agree reasonably with each other.
IV. ADDITIONAL CONSIDERATION OF LINE SHAPE INFLUENCED BY RADIATION DAMPING
Figures 8͑a͒ and 8͑b͒ present some typical theoretical and experimental spectra when the probe is best tuned and matched. In such case, the radiation-damping effect is very strong. The experimental resonance line shape at the negative-amplitude regions seems to be inconsistent with our theoretical predictions. However, by systematically tuning the probe to different degrees, we found that the better the tuning, the stronger the radiation damping, and the heavier the drop of iMQC spectra at the negative-amplitude regions. Therefore, the disagreements in Figs. 8͑a͒ and 8͑b͒ are mainly due to the radiation-damping effects. In practical experiments related to iMQCs, radiation damping may not be completely suppressed by the field gradient or probe detuning. Hence how the radiation damping influences the iMQC spectra is worth further thorough investigation. Moreover, one can judge whether the detected signals are influenced by radiation damping by comparing the negative-amplitude regions between the theoretical and experimental resonance lines.
V. SUMMARY
In this contribution, explicit analytical expressions for iMQC line shapes of different coherence orders were derived. With the approximation of weak dipolar field effects, the corresponding features of line shape, such as peak height, linewidth, and phase, were investigated in detail. All these features were confirmed by numerical simulations and experimental measurements. The excellent agreements between theoretical predictions, numerical calculations, and experimental observations indicate that the line-shape expressions may be employed to quantitatively interpret the iMQC spectra and to better understand the iMQC effects. In addition, the line-shape features can be utilized as a criterion to judge whether the detected signals are solely originated from iMQCs and not influenced by other uncertain factors.
Due to the similarity of the line shapes and signal features between iMQC and radiation-damped signals in highly polarized liquid-state NMR experiments, detailed comparisons were carried out on peak heights, linewidths, and phases between these two effects. All the results demonstrate that iMQCs and radiation damping result from two different physical mechanisms.
